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Abstract 
Pan, K., On orthogonal systems of rational functions on the unit circle and polynomials orthogonal with 
respect to varying measures, Journal of Computational and Applied Mathematics 47 (1993) 313-322. 
We study the recurrence relations of rational functions that are orthonormal on the unit circle and have all 
their poles in a given sequence of points outside the unit disk. These relations enable us to find the recurrence 
relations and the ratio asymptotic behaviors for the orthonormal polynomials with respect to varying weights 
dpL, and dp,, + ,. At the end of this paper, we also consider the convergence theorem for multipoint PadC 
approximations of Markov type functions. 
Keywords: Rational interpolation; orthogonal functions. 
1. Introduction and notation 
Let dp be a finite positive Bore1 measure on the unit circle aA := {z E @: 1 z ) = 1) whose 
support consists of infinitely many points. Let p = p, + pS be its canonical decomposition into 
the absolutely continuous’ and the singular parts (with respect to Lebesgue measure on the 
circle). We denote by ~‘(0) the Radon-Nikodym derivative of pa with respect to do. Then 
p’ E L’[O, 2~) and ~‘(0) > 0 a.e. 
Let {cIJ~= 1 with 1 ai ) < 1 be an arbitrary sequence of complex numbers and let some of them 
have finite or even infinite multiplicity (it is not necessary for them to appear successively). Let 
(PkcZ) := 
ffk-z \ak! 
-, k= l,..., 
l-iikZ (Yk 
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where for (Ye = 0 we put I ak I /CY~ = - 1. Next we define finite Blaschke products recursively as 
A,= 1 and A,, =A,_lcp,, II 2 1. 
We then consider the spaces 
91, 1 ,..., a,] :=span{A,: k=O ,..., n}. 
Now denote by {c$,(z)): the orthonormal basis on the unit circle with respect to dp.(o). Thus 
we shall come to the sequence of rational functions {+k(~))t which satisfies the following 
conditions and is uniquely determined by them: 
4,(z) = &(dp, z) := 2 ck,,A(z), c,,, =:K,(dp) > 0, 
k=O 
and 
Notice that in the extreme case, when aI, = 0, 1 < k < ~0, the system of functions {4,(z)}; turns 
into the system of orthonormal polynomials on the unit circle with respect to dp. The reason 
for interest in this system is their close connection with the Nevanlinna-Pick interpolation 
problem and applications in circuits, signals processing, inverse scattering and systems theory, 
continued fractions and Padi approximation. See, for example, [l-3,7-12,16,181. The most 
complete survey on the topic including the algebra as well as the analysis is given in the 
excellent reports [4-61. 
On the other hand, let w,(z) := IJ~==,<l - Giz) and dp, := dp/I w,(z) I 2. We can define 
{+,Jz>) to be the polynomials that are uniquely determined by the conditions 
Icl,,,(z) := 7,,,z” + . . * , T,,, > 0, 
and 
21?;/oiTh,,.(z)m h.,(e) =a,,,, m, k=O, 1, 2 ,..., z =eis. 
This sequence is called orthonormal polynomials with respect to varying measures d,u,,. Since 
rational interpolation with free poles has brought attention to this sequence, the convergence 
results and asymptotic properties of these polynomials have been studied by some authors (cf. 
[17]). In this paper we would like to find the relations between 4,(z) and I,!J,Jz). We use the 
properties of 4,(z) to demonstrate the recurrence relations between $,,,(z> and $,+ i++i(z). 
We will also prove ratio asymptotic theorems for the sequence (1cI,,,]& which enables us to get 
convergence theorems for rational interpolation of Markov type functions. 
2. Recurrence relations and ratio asymptotics 
It is easy to see that any u, E~[cx~, . . ., a,] can be written as u,(z) = v,(z)/w,(z) where 
U, •9~ (the set of polynomials with degree at most n). For any p,(z) = a,z” + * * . , a, Z 0, 
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define p,*(z) :=z”p,(l/z). For any r,(z) = a,A,(z) + . * * +a,A,(z), a, # 0, define Y,*(Z) := 
A,( z)r,(l/z). We also define the kernel function as follows: 
S,(E; 4 := k~o&wk(z). n=o, l,... . 
Some properties of the kernel function can be found in [4,9-12,19,20]. In this section we will 
prove the recurrence relations and ratio asymptotic behaviors for this sequence. The following 
theorem can be found in [4]. 
Theorem 2.1 (cf. [4]). Let S,(z) := S,(O; z) and P,, := -a,/ 1 a, I. Then we have 
Pn+lww - zrz+1 %+1(4 =Pn+IPn+l(O) - wkI+I4&(4 
+ z[ ~,*,I(O) - C(O) Ia,+1 I]Wz) 
and 
S,(O)(l -‘yn+1+,*+1(4 =Pn+l[ZSn+I(0) - w>%+Ilxw 
+[s~+,(O)-S,*(O)Ia,+,llS,(z). 
One easy consequence of this theorem is the ratio asymptotic behavior of S,(z). 
Theorem 2.2. Let Z(1 - 1 ai I > = co. Assume p’ > 0 a.e. in [O, 2~3. Then we have 
(2.1) 
(2.2) 
sn- l(Z) 
,‘k S,(z) = l 
locally uniformly in 1 z I < 1. 
Proof. From [20, Theorem 2.31 we only need to prove 
lim 
3/,-l 
-=l, 
njca -Yn 
where y,, := S,(O). Let us consider the function 
S,(z) an+1 --2 I%+11 
1-G --XM - 
Sn+l(Z) s,2+ 1(z) 
S:+,(z) y lir 1 9 YII n+lZ an+1 y n+l n+l 
which is analytic in ) z I G 1 because all the zeros of S,(z) lie in I z I > 1 
extreme property of S,( z> (cf. [9]). It equals [ I (Y,+ 1 I S,*(O) - Sz+ l(O)l/Yn + 1 at 
Cauchy’s integral formula, we have 
lff .+#,“(O) -x++,(O) 
Y n+l 
(2.3) 
according to the 
z = 0. Thus from 
1 257 S,(z) a,+1 --z I%+11 
<- - 
11 
%l+1(4 S,2+1(4 dB 
27r 0 1-Z 
---s;(z) - 
n+lZ aa+1 
1 
=- /zr; ;s&V,;;i; 
y 1 s:+,(z) 
n+ l/i 1 y n+l 
27F O ~pn+l(4//ET~2 -l de. 
(2.4) 
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From (2.11, we know that S,*,,(O) - ( a,+, I S,*(O) = c$,*+,(O>C#J,+ ,(O). We also know that 
1~,*+,(0)12> I$ n + ,(O) 1 2 (cf. [6]). Thus we have 
Y, 
I I 
- - 1 = Ibn+1(0)12 ~ lK+,Fwz+lm I%+Ilx+v) -C+,(O) = 
Yn+l Y IX+1 Y n+l Yn+l 
(2.5) 
According to [19, Theorem 4.21 we have that the last inequality goes to zero. Thus, we have 
proved (2.3), which completes the proof of the theorem. 0 
3. Polynomials orthogonal with respect to varying measures 
In this section, we will discuss the relation between S,(z) and @,J.z), From [19, proof of 
Theorem 2.11, we have the following lemma. 
Lemma 3.1 (cf. [19, Theorem 2.11). s:(z) = &$,,,(z), where s,(z) = S,(z)w,(z). 
This lemma tells us that s,*(z)/fi is the nth orthogonal polynomial with respect to 
dpu/ ( w,(z) I ‘. Thus from the properties of S,(z), we can deduce the properties of $I,,,. First 
we want to mention the recurrence relations of (cm,,(z). 
Theorem 3.2. Let q?,,(z) := $,Jz> and T,, := T,,,,. Then we have 
V,+1t4,*+1(4 = (4+1- %5n+&W 
+ (G+GL+1(0) + ~n+l&(O))~W~ 
and 
(3.1) 
V,+1lcl,+1(4 = {4+1 - &%+Jm> 
+ {?l+lJ/n+l(O) + %+1Vfkl(OMx4 (3.2) 
Proof. Notice that S,,(z) = s,(z)/w,(z), S,(O) = s,(O) = yn, s,(z) = &$,“(z) and 7, = ICI,*(O) 
= 6. Also S,*(z) = ~,s,*(z)/w,(z) and S:(O) = q,s~(O) = ~,~,~JO) where q,, := 
n:= ,( - 1) I ai I /ai. R ewriting (2.1) in terms of 4,,(z), we have (3.1). Replacing z by l/Z, taking 
conjugates and multiplying by zn+’ in (3.1) gives (3.2). 0 
Now we can state the asymptotic theorems for 211,(z). 
Theorem 3.3. Let C(1 - I ai I) = ~0 and y’ > 0 a.e. in [0, 27~1. Then we have 
7 
lim 
n-1 
- =l, 
?l+a 7, 
P-3) 
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(3.4) 
and 
lim k-l(Z)(Z - 4 = 1, 
lzl >I, (3.6) 
n-+m &l(z) 
4CYz) 
!%c $,(z) 
~ =o, IZI >l, P-7) 
where in (3.5)-(3.7) the convergence is uniform on each compact subset of the prescribed regions. 
Proof. From Theorem 2.2, noticing s,(z) = fi$z(z), we have 
*im \iv,-lhL(z)(l-5 4 
n-tm /%4xz) n = l 
locally uniformly in 1 z 1 < 1. But since lim. _J,, ~ 1 /-y,, = 1 from (2.31, we have (3.5). Formula 
(3.3) follows from (3.5) when z = 0. Equation (3.6) is a consequence of (3.5). Formulas (3.4) and 
(3.7) are the special cases of [17, Theorem 31 when k = - 1 and k = 0 respectively, since we 
consider the special varying weight dpu/ I w,(z) I 2 here. This completes the proof of the 
theorem. q 
For the characterization of Erd& measures we have the following theorem. 
Theorem 3.4. Let C( 1 - 1 aj I ) = 03. Then p’ > 0 a.e. in [O, 2~1 if and only if 
277 
lim sup 
/ 
Ien nE (1 -&z)i2 
i=n+l -1 dB=O, z=eie. 
flArn l>O 0 lG,+1(z)12 
Proof. This theorem is a consequence of [19, Theorem 4.21, noticing that S,(Z) = fi$,*(Z). 
0 
4. Transition to the real line 
In order to get the ratio asymptotics of Pade approximation for Markov type functions, we 
provide similar results to those above but for finite positive Bore1 measures CT on [ - 1, 11 whose 
support contains an infinite set of points. 
Let {a$=, be the set outside of [ - 1, l] and t2,Jz) := n:=,(z - a,)(z -iii>, n = 1,. . .; in 
other words, t,,(z) is a polynomial with real coefficients and is never equal to zero on [ - 1, 11; 
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we shall suppose that tJz) > 0 for x E [ - 1, 11. Assume ai = i(bi + l/b,), where 1 bi I > 1 and 
ci := l/b,; then 
t,,(cos 0) = f fi 11 - tit )* 11 - Ciz )* 1 bi ) *, z = eie, (4.1) 
I 1 
Let Tz,(x> := 2*“FI~=, I ci I *t,,(x) and da,,(x) := da(x)/T,,(x). Since all ai G [ - 1, 11, so 
ld@*n <co, II = 1, 2,..., and we can construct the table of polynomials (/2n ,>, ~1, m E N, such 
that 12n,m := d,, ,,,x”’ + * * * , d,, m > 0, is the mth orthonormal polynomial w&h respect to da,,; 
that is, these polynomials are uniquely determined by having positive leading coefficients and 
satisfying the relations 
Let W,,(Z) := n;=,(l - ciz)(l - c~z), from (4.1) we know T2n(~~~ 0) = I W,,<e’“> I *, 8 E LO, 2~1. 
Then define 
do(cos 19) 
dv&I) := da,,(cos t9) = ,w2n(z)(2 ' z= e'? 
writing v,,(B) = dvZn, 0 G t < 0, we have 
v*,(e) = 
i 
&,(cos @), O,<B,<r, 
-H,,(cos e), T<e< 2n, 
where H,,(x) := jr 1 do,,(t), x E [ - 1, 11, at every point 0 where I/*,, is continuous; and so, a.e. 
in [0, 27~1; furthermore, 
v;,(e) = Jsin 8 1 H,,(cos e) = jsin 0]IW,,(e’“) I-*U’(COS 0) 
=(sin 01 &(cos 0), 
whenever either side exists (thus almost everywhere). Note that v’ > 0 a.e. in [O, 27r] if (T’ > 0 
a.e. in [ - 1, 11, where 
v(e) = r +OS e), oGeGT, -U(COS e), T<e<2T. 
If it is fixed, let ,$2n,m be the mth orthonormal polynomial with respect to dv2,, and we can 
use the well-known fact (cf. [13, Theorem V.1.41) that 
bin,&> = P+ + ~2n,2mP))l -1’2e52n,2m(4 + Gn,2,(41 f (44 
where !R2n,2m(~) :=(r2n,2m)-1~2,,2m(z) and x = i<z + z-l). C onsequently, using (4.21, we have 
1 1 + ~*n,*nW 
l/2 
I[ 52(n + 1),2(n + I)(Z) 1 + ~2(n+1),2(n+1)(0) 52n,*&) 1 
[ 
1+5 
X 
2*(n+1),2(n+l)(z)/52(n+1),2(n+l)(Z) 
1 + Gn,2,(4/52?z,*&) 1 . (4.3) 
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Theorem 4.1. Assume X(1 - I ci 1) = CC and u’ > 0 a.e. in [ - 1, I]. Then 
1 2(n+l),n+lW 1 
,,‘k &&)(W(X) -%+I)(+) - %+I) 
=- 
a(x) 
(4.4) 
locally uniformly in x E C\[ - 1, 11, where o is the conformal mapping of C \ [ - 1, 11 onto 
1 z 1 > 1 such that o(m) = ~0 and O’(CQ> 0. 
Proof. Let aZn_ 1 := c, and aZn := En, n = 1, 2,. . . , from (3.6); then we have 
5 2n+1,2n+lW 
2% ~2n,2n(z)(z - cn+J = l 
and 
lim 5 2n+2,2n+*(Z) 
,+c= 5 2n+1,2n+l(Z)P -%+I) = l 
locally uniformly in 1 z I > 1, and so 
lim 
5 2n+2,Zn+2(2) 
n-tm 52n,2n(Z)(Z -C,+,)(t - G+1) = l 
locally uniformly in I z I > 1. Also from (3.4) and (3.7) together with (4.31, we have (4.4). 0 
For convenience, we state the following lemma which we will need in the next section. 
Lemma 4.2 (L6pez Lagomasino [17, Theorem 91). Let CC1 - I ci I) = 03 and (T’ > 0 a.e. in 
[ - 1, 11. Let f be a bounded Bore1 measurable function on [ - 1, 11. We have 
do(x) = ;l;lf(x) dx 
(1 _x2)“2 ’ 
where I,(x) := 12,Jx). 
5. On multipoint Pad6 approximation for Markov type functions 
For the interpolating sequence of rational functions (with free poles) for functions of the 
form 
I da(x) 
C?(z) := / V 
_ 1 z-x ’ 
it is easy to verify (cf. [14]) that there is a rational function R, := R,(z) of the form Pn_,/Q,, 
(P,_ 1 and Q, are relatively prime polynomials with real coefficients, P,_ 1 EP~_ 1, Q, EzP,) 
that interpolates & at the points a,, Z,, . . . , a,,, a,.. The nth asymptotics of & - R, have been 
studied by many authors (cf. [14,15]). We will discuss the ratio asymptotics of this sequence in 
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this section. From [15], we know Q,(x) = l,(x) (= Izn,Jx)) and the formula for the remainder 
G - R, has the form 
Liz) 
(6 - Rx4 = p(z) 
/ 
1,2(x) d4x) 
L(X)(Z -4 . 
(5.1) 
Theorem 5.1. Assume X(1 - ( ci I> = a and (T’ > 0 ax. in I-- 1, 11; then 
. [G(x) -R,+,(x)] (w(x) -c,+I)~(+) -?,+I)~ 
!z [G(x)-R.(x)] 41c,+112(x-a,,+,)(x-Za,+,) =o2(x) 
locally uniformly in x E C \ I- 1, 11. 
Proof. From (5.11, using Lemma 4.2 for f(t) = l/(x -t>, 
and using Theorem 4.1, 
4+1(x) 1 
E I,(x)@(x) - cn+&+) - c,+1) = o(x)’ 
from which the theorem follows. 0 
Theorem 5.2. Let {c,} be uniformly distributed with respect to the function @(z> ( 1 @(z) 1 < 1, for 
12 I > 11, i.e., 
lim fJ (z-cJ(z-6) 1’n=@(z) 
n+m 
[ 
j=l (1 - CiZ)(l - qz) 1 (5 4 
locally uniformly in ( z ) > 1. Assume u ’ > 0 a.e. in [ - 1, 11; then 
IflmR,(x) = c?(x) 
locally uniformly in x E C \ [ - 1, 11. Furthermore, 
locally uniformly in x E C \ [ - 1, 11. 
proof. From (5.2), we have C(l - ( ci 1) = a~ (cf. [21]). Let x = w-‘(Z) = +<Z + l/z), and so 
O(X) = z; then 
(4x) - c,+l)2(4q - Cn+d2 (z - c,+d(z - C+1)z2 
4lc n+112(x -an+1 )(x -ii,+,) = (1 - %+1Z)(l - Cn+lZ) * 
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From Theorem 5.1, we have 
[+-l(z)) -R,+,(w-l(z))] (2 -%+J(Z -C+J 
E [c+-‘(z)) 4&i-l(z))] (1 -c,++)(l -C,+$) = l 
locally uniformly in I z I > 1. So, 
. [+-W) -R.+,(w-‘(z))lD,+,(z) 
!E@ [+I-l(z)) -R,(d(z))]D,(z) = l 
locally uniformly in ( z ( > 1, where 
n (z-ci)(z-zc,) 
Dn(z) := g (1 - C_z)(l - C.Z) . 
I 1 
Thus, 
lim [{G(w-‘(z)) -R,(w-‘(z))}D,,(z)]“” = 1 
n+Q= 
locally uniformly in ) z ) > 1, and so from (5.2) we have (5.4). Equation (5.3) follows from (5.41, 
noticing that Q(z) > 1 for I z I > 1. q 
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